Let C be a compact Riemann surface, and let n and d be relatively prime integers, with n positive. Denote by U C (n, d) the moduli space of stable vector bundles of rank n and degree d over C. We show that given any universal bundle U on U C (n, d) × C, there exists a natural Hermitian metric κ U in U such that (U, κ U ) is a universal family of Einstein-Hermitian bundles. Moreover, we prove that the metric κ U is Einstein-Hermitian with respect to any Kähler metric g on U C (n, d) × C of the form g = ag θ + g C , where g θ is the natural Kähler metric on U C (n, d), g C is an arbitrary Hermitian metric on C, and a is any positive real number. Similar results are shown to be true for the moduli space SU C (n, ξ) of stable vector bundles of rank n and fixed determinant ξ.
Introduction
Let C be a compact Riemann surface, and fix two relatively prime integers n and d, with n positive. Then, the moduli space U C (n, d) of stable vector bundles of rank n and degree d over C is a non-singular projective variety [14] . Further, there exists a universal vector bundle over U C (n, d) × C, which is unique up to tensoring by the pull-back of a line bundle over U C (n, d). There is a natural polarization on U C (n, d) [5] , called the theta polarization, which is usually denoted Θ. It was proved by Balaji, Brambila-Paz and Newstead [2] , that every universal bundle over U C (n, d) ×C is stable with respect to any polarization on U C (n, d) × C of the form aΘ + ω, where a is an arbitrary positive rational number, and ω is an arbitrary polarization on C.
On the other hand, there is a natural Kähler metric (see Section 2) on U C (n, d) [9] , called the theta metric, which we denote by g θ . If Φ θ denotes the Kähler form of this metric, then [3, Theorem 3 .27] the cohomology class of nΦ θ equals Θ. Therefore, by a theorem of Uhlenbeck and Yau [15] , the above result of [2] implies that given any universal bundle U over U C (n, d) × C, there exists a Hermitian metric in U, which is Einstein-Hermitian with respect to any Kähler metric on U C (n, d) × C of the form ag θ +g C , where a is a positive rational number, and g C is an arbitrary Hermitian metric on C. The aim of this paper is to construct a natural such Einstein-Hermitian metric in U. In fact, we construct a natural Einstein-Hermitian metric κ U in U, which is EinsteinHermitian with respect to ag θ + g C , where a is an arbitrary positive real number (not necessarily rational) (see Theorem 4.3 below). This metric is characterized by the property that its restriction to each abcissa and ordinate in the product U C (n, d) × C is Einstein-Hermitian. We also obtain a similar result for the moduli space SU C (n, ξ) of vector bundles of rank n and fixed determinant ξ, where ξ is a line bundle over C of degree d (see Theorem 4.4 below). Leaving precise definitions for later, the following are the main results of the paper. The following is a summary of the contents of the paper. In Section 2, we set up the basic framework, and introduce the notion of a family of Einstein-Hermitian vector bundles. In Section 3, we look at the moduli space U C (n, d) as the quotient of a space of holomorphic structures under the action of a gauge group. Using the determinant bundle on this space of holomorphic structures, we construct a Hermitian universal bundle (V, τ ) on U C (n, d) × C. The essential point of this section is to show that for each point p ∈ C, the restriction ( Acknowledgments: This work was carried out during a visit by the authors to Liverpool. We would like to thank the University of Liverpool and P.E. Newstead for generous hospitality. We thank S.B. Bradlow and P.E. Newstead for helpful discussions.
Einstein-Hermitian Families
In this section, we fix our conventions, and recall the main facts about EinsteinHermitian metrics and the natural Kähler metric on the moduli space of stable vector bundles on a Riemann surface. We also introduce the notion of a family of EinsteinHermitian vector bundles.
Notation 2.1
• If X and Y are topological spaces, then p X : X × Y −→X and p Y : X × Y −→Y denote the canonical projections. Sometimes, we denote p X by pr 1 and p Y by pr 2 .
• If M is a C ∞ manifold, and if E is a C ∞ real (respectively, complex) vector bundle over M, then for every non-negative integer r, A r (E) will denote the space of C ∞ real (respectively, complex) r-forms on M with values in E.
• If M is a complex manifold, and if E is C ∞ complex vector bundle over M, then A p,q (E) denotes the space of C ∞ (p, q)-forms on M with values in E.
Let C be a compact Riemann surface, and fix relatively prime integers n and d with n ≥ 1. Let U C (n, d) be the moduli space of stable vector bundles of rank n and degree d over C. It is a non-singular projective variety [14] . There is a natural Kähler metric g θ on U C (n, d), which was defined by Narasimhan [9] . To describe this metric, and to establish our conventions, we recall the notion of Einstein-Hermitian connections.
Let (M, g) be a compact Kähler manifold of complex dimension m with Kähler form Φ, and let E be a C ∞ complex vector bundle over M. We say that a connection ∇ in E is Einstein-Hermitian with respect to g, if its curvature R(∇) is of bidegree (1, 1) , and satisfies the condition
for some constant a ∈ C. If E is a holomorphic vector bundle over M, we say that a Hermitian metric h in E is Einstein-Hermitian with respect to g, if the canonical connection in (E, h) is Einstein-Hermitian. An Einstein-Hermitian vector bundle with respect to g is a holomorphic vector bundle E, together with a Hermitian metric h in E which is Einstein-Hermitian. It is a fundamental theorem that: (i) every EinsteinHermitian vector bundle with respect to g is Φ-polystable; and (ii) every Φ-stable vector bundle over M admits an Einstein-Hermitian metric with respect to g, which is unique up to multiplication by a positive constant. When M is a compact Riemann surface, (i) and (ii) are due to Narasimhan and Seshadri [11] (see [4] for a gauge theoretic proof); when M is an arbitrary Kähler manifold, (i) is due to Kobayashi [6] [7] and Lübke [8] , and (ii) is a result of Uhlenbeck and Yau [15] .
Remark 2.2 Any Hermitian metric on C is Kähler, and if g and g ′ are two Hermitian metrics on C, then there exists a C ∞ function λ : C−→R + such that g ′ = λg. Thus, a Hermitian holomorphic bundle (E, h) over C is Einstein-Hermitian with respect to g if and only if it is Einstein-Hermitian with respect to g ′ . Therefore, there is no need to fix a Hermitian metric on C in order to talk about Einstein-Hermitian bundles over C. Now, let us describe the Kähler metric g θ on U C (n, d). Let t be a point in U C (n, d), and pick a stable bundle E representing the isomorphism class t. Then, the holomorphic tangent space Λ 1,0 T t U C (n, d) to U C (n, d) at t is canonically isomorphic to the Dolbeault cohomology group H 0,1 (C, End E). Pick a Hermitian metric g on C, and an Einstein-
, where * C is the complexified Hodge star operator on C with respect to g and the canonical orientation on C, and A * is the adjoint of A with respect to h. If a, b ∈ H 0,1 (C, End E), let α, β ∈ A 0,1 (End E) be the∂-harmonic representatives of a and b, respectively, with respect to the metrics g and h, and define
where ∧ is the exterior product ΛT * ,C C ⊗ End E × ΛT * ,C C ⊗ End E−→ΛT * ,C C with respect to the bilinear form End E × End E−→O C given by (A, B) → Tr(AB). We thus get an inner product g θ on Λ 1,0 T t U C (n, d). This inner product is independent of the choices of E, g and h in view of the following observations:
• stability of a vector bundle over C is a notion which is independent of any polarization on C;
• the notion of a Hermitian holomorphic vector bundle on C being Einstein-Hermitian is independent of any Hermitian metric on C (see Remark 2.2);
• the action of * C on Λ 0,1 T * C is independent of g, because * C : T C−→T C equals −J, where J : T C−→T C is the complex structure on C, and hencē
• if h and h ′ are two Einstein-Hermitian metrics in E, then there exists a positive constant a such that h ′ = ah.
As t varies over U C (n, d), we thus get a Hermitian metric g θ on U C (n, d). This metric is shown to be Kähler in [9] and in [1, p. 587] (see also [7, Chapter VII, Theorem 6.36]). We call g θ the theta metric on U C (n, d), and denote its Kähler form by Φ θ .
Remark 2.3
We use this terminology because, by [3, Theorem 3 .27], the Chern form of the Quillen metric on the theta bundle over U C (n, d) equals nΦ θ ; since the theta bundle is the line bundle associated to the generalized theta divisor Θ on U C (n, d) (see [5] ), this implies that the cohomology class of nΦ θ in
Given a holomorphic line bundle ξ of degree d over C, we denote the moduli space of stable vector bundles of rank n and determinant ξ over C by SU C (n, ξ). It is a closed non-singular subvariety of U C (n, d). We denote the restriction of the Kähler metric g θ to SU C (n, ξ) also by g θ . Definition 2.4 A family of Einstein-Hermitian vector bundles of rank n and degree d (respectively, determinant ξ) over C parametrized by a complex manifold T is a Hermitian holomorphic vector bundle (E T , h T ) over T × C, such that for each t ∈ T , the restriction (E t , h t ) of (E T , h T ) to {t} × C is an Einstein-Hermitian vector bundle of rank n and degree d (respectively, determinant ξ) on C. We say that two families (E T , h T ) and (E ′ T , h ′ T ) of Einstein-Hermitian vector bundles over C parametrized by T are equivalent if there exist a Hermitian holomorphic line bundle (L, µ) over T , and a holomorphic isomorphism φ T :
Definition 2.5 Let (U M , κ M ) be a family of Einstein-Hermitian vector bundles of rank n and degree d (respectively, determinant ξ) over C parametrized by a complex manifold M. We say that (U M , κ M ) is a universal family if for every family (E T , h T ) of Einstein-Hermitian vector bundles of rank n and degree d (respectively, determinant ξ) over C parametrized by a complex manifold T , there exists a unique holomorphic map f :
Remark 2.6 Note that if (U M , κ M ) is a universal family of Einstein-Hermitian vector bundles of rank n and degree d (respectively, determinant ξ) over C parametrized by a complex manifold M, then M has to be isomorphic to U C (n, d) (respectively, SU C (n, ξ)).
Universal Hermitian Bundles
In this section, we recall the description of the moduli space U C (n, d) in terms of holomorphic structures, and use the determinant bundle on the space of holomorphic structures to construct a universal Hermitian vector bundle on U C (n, d) × C. The main result of the section is that for each point p ∈ C, the restriction of this universal Hermitian bundle to U C (n, d) × {p} is Einstein-Hermitian (Lemma 3.4).
Fix a Hermitian metric g C on C, and denote its Kähler form by Φ C . Fix a C ∞ Hermitian vector bundle (E, h) of rank n and degree d over C. Let A be the space of all holomorphic structures in E. Let G C denote the complex gauge group of E, and G the unitary gauge group of (E, h).
There is a natural holomorphic right action of G C on A, which descends to an action ofḠ C . The holomorphic tangent bundle of A is canonically isomorphic to the trivial bundle over A with fibre A 0,1 (End E). Define a Hermitian inner product
This gives a Kähler metricg θ on A. We denote its Kähler form byΦ θ .
Let E be the C ∞ vector bundle over A × C given by E = p * C E. There is a unique holomorphic structure∂ :
Thus, E becomes a holomorphic vector bundle over A ×C, i.e., a family of holomorphic vector bundles over C parametrized by A. Let Det(E) denote the determinant bundle of this family (see Quillen [12] ). It is a holomorphic line bundle over A, whose fibre at a point D ∈ A is given by
The Hermitian metrics on C and in E induce Hodge inner products on each fibre Det(E) D of Det(E), and hence a Hermitian metric h L 2 in Det(E). This metric is, in general, discontinuous, and Quillen [12] modified it as follows to get a C ∞ Hermitian metric h Q in Det(E). Let D ∈ A, and let ∆ D :
of non-negative real numbers diverging to infinity. Further, the series
converges for Re(s) > 1, and extends to a meromorphic function ζ D on C, which is holomorphic at 0. Define
The Quillen metric h Q in Det(E) is defined by
It is proved in [12] that h Q is a C ∞ metric.
There is a right action of G C on Det(E) given by
If λ ∈ C * , and if D ∈ A, then under this action λ acts on
Det(E) D as multiplication by λ χ , where χ = d + n(1 − g). Since, n and d are coprime, there exist integers k and l such that kχ + ln = −1. Fix a point p 0 ∈ C, and define
Then, there is an action of G C on F , and the above observations imply that the restriction of this action to C * is trivial, so F is a holomorphicḠ C -vector bundle over A × C. We define a Hermitian metrich in F bỹ
The definition of h Q implies thath is invariant under the action ofḠ.
Remark 3.1
The main theorem of Quillen [12] asserts that the curvature of the Hermitian holomorphic line bundle (Det(E), h Q ) is a constant multiple ofΦ θ . Let p ∈ C, and let (F p ,h p ) denote the restriction of (F ,h) to U C (n, d) × {p}. Since the restriction of (E, p * C h) to U C (n, d) × {p} is flat, and since h p 0 is a flat metric, Quillen's Theorem implies that the curvature of (F p ,h p ) is given by
where 1 denotes the identity endomorphism of F p and a is some constant. Chapter VII]:
• There is a canonical map π : A s −→U C (n, d), which is a holomorphic principal
• The restriction π eh :
• If I : A eh ֒→ A s denotes the inclusion map, then π *
To be precise, these statements are true after completing A under a suitable Sobolev topology (see [10] , [1, Section 14] , [7, Chapter VII]), but we do not go through this process here, because it is standard. This remark should be borne in mind when we use the Inverse Function Theorem in the proof of Lemma 3.4 below.
We will use the same symbols to denote objects on A and their restrictions to A s or A eh . Since F is a holomorphicḠ C -vector bundle over A s × C, it descends to a holomorphic vector bundle V over U C (n, d) × C, i.e., (π × 1) * V ∼ = F . Since the metric h isḠ-invariant, it induces a C ∞ Hermitian metric τ in V such that π * eh τ = I * h .
Remark 3.3
It is clear from the above construction that V is a universal bundle, and that (V, τ ) is a family of Einstein-Hermitian vector bundles.
We will now find good expressions for the real tangent bundles of A, A eh , and
). This will aid us in the curvature computation of Lemma 3.4 below. Let t ∈ U C (n, d) and D ∈ A eh be such that π eh (D) = t. The real tangent space to A at D is given by
where End (E, h) is the R-vector bundle of skew-Hermitian endomorphisms of (E, h).
The complex structure J on T D A is given by
where α p,q are the bihomogeneous components of α. The holomorphic tangent space to A at D is given by
We will identify T D A with Λ 1,0 T D A via the canonical isomorphism
Let ∇ D be the unique unitary connection in (E, h) such that ∇ 0,1
By abuse of notation, we will denote∇ D also by ∇ D . Thus, the pair (End(E, h), ∇ D ) is a local system of R-vector spaces over C. The tangent space to A eh at D is given by
where Z 
where Harm 
where H 1 (End(E, h), ∇ D ) is the first de Rham cohomology group of (End(E, h), ∇ D ).
The same reasoning as above shows that (End E, ∇ D ) is a local system of C-vector spaces; moreover, it is the complexification of the R-local system (End(E, h), 
Lemma 3.4 Let p ∈ C, and let
for some constant c.
Proof. Let∇ denote the canonical connection in the Hermitian holomorphic vector bundle (F p ,h p ). We claim that the connection
, and that ∇ is the canonical connection in (V p , τ p ).
Let S = {s 1 , . . . , s n } be a holomorphic frame of
Then, the pull-back frame π * S is a holomorphic frame of F p on π −1 (U). Letω denote the connection matrix of∇ with respect to π * S. Then, we have [7, p. 12] 
whereH : π −1 (U)−→M(n, C) is the matrix of the metrich p with respect to π * S. Therefore, the connection matrixω eh of I * ∇ with respect to the C ∞ frame π * eh S of I * F p is given by tω eh = I * (∂H)I * H −1 .
The fact that I * hp = π * eh τ p implies that
where H : U−→M(n, C) is the matrix of the metric τ p with respect to the frame S; in particular, I * H isḠ-invariant. Therefore,ω eh isḠ-invariant. Indeed, if g ∈Ḡ, let R g : A s −→A s denote the action of g, and let R eh g : A eh −→A eh denote the restriction of R g to A eh ; then, R g is a holomorphic map, hence 
can take α(t) = D · exp(tf ). Then, sinceH isḠ-invariant, we havẽ
Thus,H(α(t)) is independent of t, hence (ω eh ) D (v) = 0, proving thatω eh is horizontal. Therefore,ω eh descends to a 1-form ω on U with values in M(n, C) such that π * eh ω = ω eh . If S ′ is another holomorphic frame of V p on U, then there exists a transition function a : U−→GL(n, C) such that S ′ = Sa. The pull-back frames π * S and π
hence, applying I * , we get
where ω ′ is the descent ofω ′ eh = I * ω′ . Therefore,
This shows that we get a connection ∇ in V p such that π * eh ∇ = I * ∇ . We now prove that ∇ is the canonical connection in (V p , τ p ). Recalling that H is the matrix of τ p with respect to S, we have π * eh H = I * H , hence
proving that ∇ is unitary. Thus, to show that ∇ is the canonical connection in (
it remains to prove that ω is of bidegree (1, 0). To do this, we perform a computation involving specific coordinates. Let t ∈ U, and let D ∈ A eh be such that π eh (D) = t. By the tangent space computations above, there exist an open neighbourhood W of D in π −1 (U), and holomorphic charts
Further, π(z, x, y) = z for all (z, x, y) ∈ W . Now, if pr 12 : W −→U 1 × U 2 denotes the canonical projection, then the differential at D of pr 12 • I :
Therefore, by the Inverse Function Theorem (see Remark 3.2) , there exist open neighbourhoods Y of (0, 0, 0) in W , Z 1 of 0 in U 1 , and Z 2 of 0 in U 2 , such that pr 12 • I :
Then, η is a C ∞ map, and the fact that dφ D = id implies that dη (0,0) = 0. Moreover, A eh ∩ Y is the graph of η, i.e.,
We will identify A eh ∩ Y with Z 1 × Z 2 ; then, we have
Then, σ = I • ρ, where ρ : Z 1 −→A eh ∩Y is the C ∞ section of π eh given by ρ(z) = (z, 0). Hence, the equation π * eh H = I * H on W , upon applying ρ * , implies that
Similarly, the equation π * eh ω = I * ω implies that 
Proof. Since every Einstein-Hermitian vector bundle of rank n and degree d on C is stable, the hypothesis implies that there exists a holomorphic line bundle L over T such that
and a Hermitian metric ν in L. For each t ∈ T , let ν t denote the Hermitian inner product on L t obtained by restricting ν. Then, since ν t is a flat metric, φ 
We thus obtain a function a : T −→R + , t → a(t). This function is in fact C ∞ . To see this, let s be a C ∞ orthonormal section of E
′
T on an open subset U × V of T × C, and fix a point x 0 ∈ V . Then,
The following result is a metric analogue of [2, Lemma Proof. Let U and V be holomorphic coordinate domains on X and Y , respectively, and let S = {s 1 , . . . , s n } be a holomorphic frame of E over U × V . Fix a point (x 0 , y 0 ) ∈ U × V , and let S x 0 (respectively, S y 0 ) denote the restriction of S to {x 0 } × V (respectively, U × {y 0 }). Then, S x 0 is a holomorphic frame of E x 0 on V , and S y 0 is a holomorphic frame of E y 0 on U. Let Ω, Ω x 0 and Ω y 0 denote the curvature matrices of (E, h), (E x 0 , h x 0 ) and (E y 0 , h y 0 ) with respect to the frames S, S x 0 and S y 0 , respectively.
Since U and V are coordinate domains, we can write
Restricting this equation to U × {y 0 }, we get α U = Ω y 0 ; similarly, θ V = Ω x 0 , and hence
Let Φ X , Φ Y and Φ denote the Kähler forms of (X, g X ), (Y, g Y ) and (X × Y, g), respectively, so Φ = Φ X + Φ Y . Denote the complex dimensions of X, Y and X × Y by d, e and N, respectively, so N = d + e. Then, observing that all forms of even degree commute, we have
where a, b and c are constants, and I n is the n × n identity matrix. On the other hand,
for some non-zero constant λ, hence
2
We can now prove the main results of the paper. Proof. We will first prove the Theorem for M = U C (n, d). Let U be an arbitrary universal bundle over M. Recall that we have constructed above a Hermitian holomorphic vector bundle (V, τ ) over M × C, using a Hermitian holomorphic vector bundle (F ,h) over A s × C. We have also observed (see Remark 3.3) that V is a universal bundle, and that (V, τ ) is a family of Einstein-Hermitian vector bundles. Since U and V are both universal bundles, there exist a holomorphic line bundle L over M, and a holomorphic isomorphism φ : U−→V ⊗ pr in L with respect to g θ . Define κ U = φ −1 (τ ⊗ pr * 1 µ). Since (V, τ ) is a family of Einstein-Hermitian bundles, and since for each t ∈ M, the restriction (L t , µ t ) of pr * 1 (L, µ) to {t} × C is flat, we have that (U, κ U ) is also a family of Einstein-Hermitian vector bundles. Let (E T , h T ) be a family of Einstein-Hermitian vector bundles of rank n and degree d over C parametrized by a complex manifold T . The coprimality of n and d implies that every Einstein-Hermitian vector bundle of rank n and degree d is stable, so there exists a unique holomorphic map f : T −→M such that (f × 1) * U is isomorphic to E T ⊗ p * T N for some holomorphic line bundle N on T . Let (E ′ T , h ′ T ) = (f × 1) * (U, κ U ). Then, (E T , h T ) and (E ′ T , h ′ T ) are both families of Einstein-Hermitian vector bundles of rank n and degree d on C parametrized by T , and E t is isomorphic to E ′ t for all t ∈ T . Therefore, by Lemma 4.1, the two families (E T , h T ) and (E ′ T , h ′ T ) are equivalent. This proves that (U, κ U ) is a universal family of Einstein-Hermitian vector bundles on M × C. Now, let a be a positive real number, let g C be an arbitrary Hermitian metric on C, and define a Kähler metric g on M×C by g = ag θ +g C . The Kähler form of the metric ag θ equals aΦ θ , so by Lemma 3.4, we know that for every point p ∈ C, the restriction (V p , τ p ) is Einstein-Hermitian with respect to ag θ . Since (L, µ) is Einstein-Hermitian with respect to g θ , it is so with respect to ag θ too. The Einstein-Hermitian condition is preserved by tensor products [7, Chapter IV, Proposition 1.4], therefore, (U p , κ p )
is Einstein-Hermitian with respect to ag θ for all p ∈ C. On the other hand, since (U, κ U ) is a family of Einstein-Hermitian bundles, we have that (U t , (κ U ) t ) is EinsteinHermitian with respect to g C for all t ∈ M. Therefore, by Lemma 4.2, (U, κ U ) is Einstein-Hermitian with respect to g. Finally, the metric κ U is natural in the sense that, up to multiplication by a positive constant, it is independent of L, φ and µ. In fact, since U t is indecomposable for each t ∈ M, so is U, therefore any pair of EinsteinHermitian metrics in U with respect to g are equal up to multiplication by a positive constant [7, Chapter VI, Proposition 3.37] . This proves the Theorem if M = U C (n, d). Next, if M = SU C (n, ξ), we restrict (V, τ ) to SU C (n, ξ) × C, and denote this restriction also by the same symbol. Since the natural Kähler metric on SU C (n, ξ) is, by definition, the restriction of the theta metric on U C (n, d), Lemma 3.4 remains valid if we replace U C (n, d) by SU C (n, ξ). Therefore, the above argument for U C (n, d) goes through word for word in this case too. 2 
